INTRODUCTION
Shear induced volume change, or dilatancy, distinguishes granular soils from most of other engineering materials. The phenomenon of dilatancy wasˆrst revealed by Reynolds (1885) and has fascinated researchers over centuries. Taylor (1948) ˆrst discussed the mathematical description of dilatancy during a direct shear test according to energy principles. His intuitive assumption is based on the interpretation of the incremental work done and the rate of dissipation. Using the same concept but adopting diŠerent hypotheses on the rate of dissipation, various forms of stress-dilatancy formulation were developed; see, for example, Newland and Alley (1957) , Roscoe and Schoˆeld (1963) and Dafalias (1987) . By taking into account the discrete feature and the microscopic deformation mechanism of simple granular assembly as well as assuming the hypothesis of minimum energy ratio, Rowe (1962) established his famous stress-dilatancy model for plane strain or triaxial stress conditions. The principles involved in Rowe's model were more rigorously treated by Horne (1965) , who also provided a conceptual method to describe the in‰uence of fabric on dilatancy. The same idea can be found in a number of later publications (e.g., de Josselin de Jong, 1976; Vermeer, 1984; Wan and Guo, 1998) . It should be noted that the notion of fabric is lost in Rowe's dilatancy model, even though it was developed by counting for particle arrangement. Attempts have been made to reinterpret Rowe's minimum energy ratio hypothesis for general stress conditions by introducing a combined tensor based on the stress and incremental strain tensors; see, Frossard (1983) , Satake (1987) and Guo and Stolle (2004) . It is likely that Rowe's hypothesis of minimum energy ratio may not be necessary for the derivation of dilatancy relation. For example, Guo and Wan (2007) demonstrated that a theoretic dilatancy formulation could be obtained with Rowe's hypothesis being lifted for two-dimensional stress state, when working out rigorously the local sliding planes through principles of the micromechanics of granular materials. However, the work of Guo and Wan (2007) was limited to simple granular assembly with regular packing.
More recently, Collins and his collaborators developed a general approach to construct constitutive models for soil within a framework based on the modern theory of the thermomechanics of continua. Of particular importance in this approach is the distinction between the rate of plastic work and plastic dissipation. Once the free energy and dissipation potential functions are speciˆed, the corresponding yield loci, ‰ow rules, isotropic and kinematic hardening laws as well as the elasticity law are deduced in a systematic manner. Details can be found in Collins and Muhunthan (2003) , Collins (2005) and Collins et al. (2007) . As demonstrated in these publications, when assuming diŠerent forms for the dissipation increment function, classical forms of the peak-strength vs. dilatancy relationship can be established theoretically. The deformation mechanisms of soil, however, are not considered explicitly when constructing soil models using this thermomechanics-based approach.
Stress-dilatancy relationship can also be established from the analysis of the kinematics of particles when considering the constraint imposed by internal grain geometry during deformation as the mechanism of shear-induced volume change. According to Goddard (1999) ,`R eynolds dilatancy represents a strict kinematic coupling between shape and volume for assemblies of rigid particles, such that, in the limit of frictionless granules envisaged by Reynolds, the plastic yield locus is tantamount to a purely reactive (work-free) stress''. Stressdilatancy relationships developed along this line can be found in Matsuoka (1974) , Tokue (1979) and Houlsby (1993) among others.
The micromechanics of granular materials provides another approach towards the development of dilatancy formulations. For example, based on a micromechanical analysis, ChristoŠersen et al. (1981) derived a dilatancy formulation with almost the same features as Rowe's model. Kruyt and Rothenburg (2004) further showed that the rate of dilatancy could be uniquely determined from particle arrangement quantiˆed by the distribution of contact normals, with the applied stresses and interparticle friction being not explicitly involved. Nevertheless, dilatancy formulations of this type may not be easily incorporated into continuum constitutive models, since the complexity of granular soil behaviour arises from the fact that the ensemble macroscopic response is a function of the spatial, size and shape distributions of discrete particles and the distributions of other internal variables associated with the interactions between contiguous particles.
In the pioneering work using the discrete element method (DEM) adopting very simple contact laws describing the interaction between particles, Cundall and Strack (1979) modeled the macroscopic behaviour of granular materials, with the statistical distributions of micromechanical parameters associated with internal deformation processes and their evolution being examined directly. Since then, DEM has been used to explore the behaviour of granular assembly (at least qualitatively) under various loading conditions, including two-dimensional, axisymmetric three-dimensional and general three-dimensional stress states ( see, e.g., Rothenburg Kruyt and Rothenburg (2006) showed that, irrespective of the interparticle friction and particle shape, the stress-dilatancy formulation could be expressed as sin c＝c(sin fm-sin fcv) with c＝ 1.6 to 1.7. Herein c, fm and fcv are the angle of dilation, the mobilized friction angle and the friction angle at critical state respectively. Powrie et al. (2005) reported a linear relation, which was equivalent to sin c＝c(sin fmsin fcv) with c §0.5, between a measure of dilation šc dened as šc＝tan -1 (dev/de1), the mobilized friction angle f and the critical state friction angle fcv. For plane strain compression, the experimental data based empirical relation fm＝fcv＋0.8c, which can be alternatively approximated as sin c §1.33(sin fm-sin fcv), is``operationally indistinguishable'' from Rowe's stress-dilatancy relation (Bolton, 1986) . Alonso-Marroquin et al. (2005) argued that the discrepancy between the DEM simulations and experimental data might be attributed to the non-coaxility between the stress and the corresponding incremental strain tensors, as well as the energy dissipation assumption made in the derivation of stress-dilatancy formulations.
In both DEM simulations and micromechanical analysis for granular materials, appropriate averaging methods must be used to transfer microscopic quantities such as contact forces and particle displacements to macroscopic average stress and strain tensors. Various approaches have been proposed to achieve this goal. For example, the average stress can be determined by employing principle of virtual work or theorem of the mean stress (ChristoŠersen et al., 1981; Chang and Liao, 1990). The average strain can be directly calculated from the local kinematic variables (the local relative displacement at contact points or the displacement of particle centroids), boundary displacements of a representative volume element, or alternatively derived from a least square deˆni-tion of the average strain ( see, e.g., Cundall and Strack, 1979; Chang and Gao, 1996; Cambou, 1998) . Even though DEM simulations can provide deep insights into the microstructure change in addition to the average stress-strain responses including dilation of granular materials, one cannot obtain explicit dilatancy relations from DEM simulations.
The above non-exhaustive review reveals that various approaches towards appropriate description of dilatancy exist, but the underline assumptions and necessary implications make the resulting dilatancy formulation deviate from experimental results or inconvenient for successful and robust implementation intoˆnite element codes for the analysis of boundary value problems. Hence, the main objective of this paper is to explore a new approach with appropriate consideration of discrete material deformation mechanisms to establish a stress-dilatancy model for general stress states within the framework of thermomechanics of continua. This approach is based on the double sliding, free rotation (DSFR) model, which waŝ rst proposed by de Josselin de Jong (1971) and conrmed experimentally (Drescher and de Josselin de Jong, 1972), and the double slip-rotation rate (DSR 2 ) model proposed by Jiang et al. (2005a) . It can be shown that Rowe's dilatancy model for plane and triaxial stress conditions are two special cases of the new approach. The dilatancy formulations proposed by Taylor (1948) and Matsuoka and Nakai (1974) can also be approximately recovered from the proposed approach. Finally, the model performance is illustrated with reference to available experimental data in the literature. As emphasized by Wroth (1987) , the observed deformation in simple shear tests on clay shows that the onset of failure does not apparently appear on the horizontal planes of maximum stress obliquity as is often believed. Instead, failure appears to occur on vertical planes of maximum stress obliquity, with sliding along these vertical planes and rigid body rotation taking place simultaneously to satisfy the boundary conditions. This deformation mechanism is referred to as the double sliding, free rotating (DSFR) model for materials with internal friction (de Josselin de Jong, 1971). In the DSFR model, the sliding elements rotate freely so that their rotation is independent of the rotation of the principal stress direction. The toppling bookrow (de Josselin de Jong, 1971) shown in Fig. 1(b) is a possible failure mode predicted by the DSFR model and was observed experimentally by Drescher and de Josselin de Jong (1972) and Drescher (1976) .
Although the DSFR model successfully predicted some general features of granular material deformation, it has not received universal acceptance in the geomechanics community; mainly because granular materials are inherently discrete with a grain length scale and signiˆcant local particle rotation that is not taken into account by the DSFR model. Based on a discrete micro-analysis of the kinematics of particles in contact, Jiang et al. (2005a) introduced a quantity called the averaged micro-pure rotation rate (APR) as a measure of local particle rotation and proposed a double slip and rotation rate (DSR 2 ) model. The results of discrete element method (DEM) experiments show that the DSR 2 model tends to give better prediction for the behaviour of granular materials than the DSFR model, at least for two dimensional stress conditions (Jiang et al., 2005b) . This observation suggests that free particle rotation is a very important variable in kinematic models and should not be neglected. Figure 1 demonstrates the diŠerence in predicting soil deformation under shear between the DSFR and DSR 2 models. Herein we follow the sign convention in soil mechanics-positive for compression-as well as the deˆ-nitions in continuum mechanics for the strain tensor eij＝ (uj,i＋ui,j)/2, the rigid body rotation tensor vij＝(uj,iui,j)/2 and shear strain g＝exy＋eyx with exy＝&uy/&x and eyx＝&ux/&y. Consider a normally consolidated isotropic soil specimen (or a representative volume element) subjected to initial stresses sxx and syy with sxxºsyy. The specimen is next sheared by applying shear stresses of txy and tyx such as that in a simple shear test. The deformation of the specimen in the context of classical continuum mechanics is shown in the secondˆgure of Fig. 1(a) , with the shear strain being g＝exy＋eyx, exy＝eyx and zero rotation. The thirdˆgure of Fig. 1 (a) displays the deformed specimen when a rigid body rotation is admitted to meet the boundary conditions. When assuming the toppling bookrow mechanism ( Fig. 1(b) ), sliding occurs on the vertical plane of maximum stress obliquity with a rigid body rotation to meet the boundary conditions, resulting in g＝exy and eyx＝0. One observes that the toppling bookrow mechanism yields a shear strain g＝exy and a rigid body rotation of v＝exy/2, which corresponds to stiŠer shear response than the mechanism illustrated in 
(a).
In the DSR 2 model, deformation similar to that shown in Fig. 1 (a) can be obtained since local particle rotation is admitted in the toppling bookrow mechanism; as shown in Fig. 1 (c). It should be noted that sliding between particles (or``books'') must take place to accommodate the rotation of particles and energy dissipation accompanies this rotation, which contradicts the results of the DEM simulations revealing that particle rotation literally causes no energy dissipation (e.g., Thornton 2000; Alonso-Marroquin et al., 2005). This downside of the mechanism in Fig. 1 (c) can be avoided in an alternative illustrated in Fig. 1(d) , which can be considered as an extended DSR 2 (EDSR 2 ) model. In this model, sliding occurs on vertical planes of maximum stress obliquity with any horizontal movement being induced by local spin of particles; as can be seen in the second and the thirdˆgures of Fig. 1(d) . Similar to the DSFR and DSR 2 models, the EDSR 2 mechanism admits rigid body rotation of the specimen to meet the boundary conditions; as shown in the lastˆgure of Fig. 1 
(d).

Evidence of EDSR 2 Mechanism from DEM Simulations and Experiments
Both DEM simulations and laboratory test results in the literature provide evidence supporting the EDSR 2 deformation mechanism illustrated in Fig. 1 
(d).
Using DEM simulations, Kuhn (1999) studied the microstructure of deformation in a large assembly of discs subjected to quasi-static biaxial loading. It was shown that the deformation was very non-uniform at the scale of particle level. The predominant deformation structures were oblique, thin microbands (or trending chains of void cells), within which slip deformation was most intense. The thickness of these microbands was in a range between one to four particle diameters. In addition, unlike shear bands, the microbands were neither static nor persistent and their orientation angle increased as deformation proceeded.
From the DEM simulations for biaxial compression, Thornton and Zhang (2006) observed that at the start of shear the velocity vectors form many, randomly distributed, local circular cells. As shearing continues the velocity vectors rearrange, the vortex structures enlarge, and the large velocities align in opposite directions along a distinct shear zone; as shown in Fig. 2(a) . It is visible that most of the sliding contacts appear within the narrow shear zone and this remains true at the end of shearing. A scrutiny of the velocity distribution reveals that the local circular cells within the shear zones rotate in the same direction; the particles outside the shear zone, however, rotate in the opposite direction. Moreover, the rotating local circular cells appear in the shear zone periodically and a zone with extensive particle sliding emerge between two rotating cells. This observation is consistent with Kuhn's results (Kuhn, 1999) .
Alonso-Marroquin and Vardoulakis (2005) performed DEM simulations of periodic shear cells to model the behaviour of sand subjected to simple shear. From the calculated displacementˆeld shown in Fig. 2(b) , they observed two populations of grains: (a) grains organized in large vorticity cells where rolling is more frequent than sliding; and (b) grains that through pronounced rolling accommodate the cells to make them more compatible with the imposed kinematic boundary conditions. One can easily envisage in Fig. 2(b) between the vorticity cells the presence of localized zones, in which intense interparticle sliding is expected since the cells rotate in the same direction. Similar observations were reported by Kuhn (1999) .
In addition to the kinematics of particles, DEM simulations also provide information of particle connectivity and contact force distribution during deformation. According to Alonso-Marroquin et al. (2005) and Radjai et al. (1998) among others, the contact network may be partitioned into two complementary sub-networks: à`s trong'' network that carries the deviator stress and à`w eak'' network that contributes only to the mean stress. They also found that the``strong'' network is highly anisotropic, with its orientation coinciding with that of the stress tensor. The weak network, nevertheless, tends to orient orthogonal to the strong network. While the dissipative sliding contacts are present predominantly among the force chains in the weak network and the normal of the sliding contacts are oriented nearly perpendicular to the major principal stress direction, rolling at contacts and buckling of particle columns along the strong force chains in the strong network take place as basic micro-deformation mechanisms. Cundall et al. (1982) demonstrated that slip between particles occurred perpendicularly to the relative velocity vector of two neighbouring particles, which is consistent with that observed in tests on photo-elastic discs by Drescher and de Josselin de Jong (1972) . Since the displacementˆeld in granular assemblies is dominated by particle rotation, one may conclude according to these experimental observations that sliding between particles takes place in the direction of the stress characteristics on the average, while the relative velocity induced by the spin of particles is perpendicular to the stress characteristics. These observations conˆrm that interparticle sliding and rolling take place in orthogonal planes, as illustrated in Fig. 1(d) .
The DEM simulations of simple shear tests carried out by Jiang et al. (2005b) show that the normal to sliding contacts tends to be preferentially distributed in a direction inclined at approximately 309to the shear direction (the x-axis) in the test. They also observed that this preference was initiated at very small strain, while this preferable direction appeared to remain constant and was evidently predominant until the shear strain reached approximately 6.8z. They further argued that it was reasonable to suppose that the macroscopic`slip-lines' in the double-sliding free-rotation model were linked with the preferred normal direction of microscopic sliding at particle contacts. On the other hand, the macroscopic slip-elements' in the double-sliding free-rotation model may not have any direct relationship with the microscopic sliding at particle contacts.
Experimental evidence of the proposed EDSR 2 mechanism can be found in Oda and Kazama (1998) and Lanier (2001) . From biaxial simple shear tests on ensemble of circular rods, Lanier (2001) observed that rolling without sliding took place at a lot of contacts, which were primarily in chains whose orientations were close to 459 relative to the horizontal and could be related to the principal axe of compression in simple shear test. These rolling grains behave as gears and there is no dissipation of energy associated with this deformation mechanism. In a series of 2D compression tests, Oda and Kazama (1998) reported that particles above the shear band moved substantially in a unique direction inclined to the general direction of the shear band. Moreover, the particles within the shear band were rotated towards the shear band direction, but the preferred orientation of particles did not coincide with the general direction of shear band. It was likely that the particle rotation on average took place in parallel with the corresponding macroscopic rotation in the continuum sense. The same observation was obtained by Lanier and Combe (1995) , and Alonso-Marroquin and Vardoulakis (2005). According to the above discussions, one may conclude that the EDSR 2 deformation mechanism illustrated in Fig. 1(d) is generally in agreement with the DEM simulations and experimental results. However, for an ensemble of randomly arranged particles, sliding between particles occurs in a microband with its orientation being the average particle sliding direction. It should also be noted that in a simple shear test the average sliding direction at particle contacts may not perpendicular to the macroscopic shear plane; as demonstrated in Fig. 1 .
Internal Constraint and Energy Dissipation in EDSR 2
Model
This section will use the stress and incremental plastic strain quantities deˆned as p＝s 
where ÂF and _C p are the energy dissipation and the plastic part of free energy (or the plastic work stored in a deformed specimen), respectively. In general, _C p only depends on the plastic strain increments (Collins, 2005) . In this paper, _C p is neglected (i.e., _C p ＝0). Consider two rows of books with bear balls in between and no kinematic constraints to deformation or boundary conditions are applied to the assembly. Referring to the EDSR 2 mechanism illustrated in Fig. 1(d) in a simple shear test, the deformation of the ensemble of particles can be decomposed into the following two stages:
Stage 1-Sliding in the micro-sliding zone: When local particle spin is not permitted, txy induces inter-particle sliding in the vertical direction since sxxºsyy, resulting in incremental shear strain de p xy with zero de p xx and the rate of energy dissipation ÂF xy ＝t xy de p xy . In this stage of deformation, both the kinematic constraints and the equilibrium conditions are satisˆed. It can be shown that the toppling bookrow deformation is one solution for simple shear, since it is both statically and kinematically admissible.
Stage 2-free rotation in the macro-failure zone: If local free rotation of bear balls in Fig. 1(d) is admitted without changing the applied stresses (i.e., the equilibrium is maintained), the bookrows will rotate correspondingly, inducing shear strain increment de p yx as shown in Fig. 1(d) . Since this pure rolling deformation mechanism induces both volume and shear deformation of the ensemble without producing frictional energy dissipation, one has in this stage of deformation 
This relation describes the internal constraint of local particle rotation in the macroscopic failure zone (or the shear band) with the EDSR 2 mechanism. The above two-stage deformation mechanism can be extended to the shear zone in a specimen subjected to general stress conditions. Given the normal and shear stresses sn and t on the macroscopic failure plane, with the associated incremental linear and shear strains being de 
Energy dissipation takes place only on the local sliding plane normal to the macroscopic shear plane, with the rate of energy dissipation being
where s t and de t p are the normal stress and incremental linear strain on the plane perpendicular to the macroscopic shear plane (or the shear band), respectively. When neglecting the rate of stored plastic work (i.e., _C p ＝0) in Eq. (2), the energy equation can be expressed as
Similar to Taylor (1948) and Newland and Alley (1957), the energy Eqs. (4) and (6) can be used to derived the stress-dilatancy relation associated with the EDSR 2 deformation mechanism.
STRESS-DILATANCY RELATION BASED ON EDSR 2 MECHANISM
This section will focus on the dilatancy relation based on EDSR 2 mechanism when the stress tensor and the plastic incremental strain tensor are coaxial. The importance of non-coaxility for dilatancy formulation will be addressed in a later section``Consideration of non-coaxility''.
Stress-Dilatancy under Plane Strain Conditions
When invoking the Mohr-Coulomb failure criterion and assuming that the macroscopic failure plane makes an angle u with the major principal stress plane, the normal and shear stresses on the macroscopic failure plane of a specimen under plane strain compression are sn＝ s 1 ＋s 3 2 ＋ s 1 -s 3 2 cos 2u, t＝ s 1 -s 3 2 sin 2u (7) with the corresponding incremental strains being
The normal stress and the liner incremental strain on the local sliding plane, which is normal to the global failure plane, are
respectively. Without loss of generality, one may take u＝ p/4＋f f /2 with f f being a representative friction angle in the macroscopic shear zone, the rate of energy dissipation ÂF is computed according to Eq. (5) as
Since the discussion is now limited to the case of coaxility, the rate of plastic work is
( 1 1 ) the following relation is obtained from the energy equation dW＝ ÂF:
which recovers Rowe's stress-dilatancy equation for plane strain conditions. It can be shown that Eq. (12) can also be obtained from Eq. (4), which is equivalent to Eq. (6). Since that sliding at particle contacts within the macroscopic shear zone on local shear planes usually does not occur in the same direction, one may assume ff as the characteristic friction angle when de v p /dg p ＝0 without loss of generality. For simplicity, ff＝fcv may be assumed even though the characteristic friction angle is usually smaller than fcv particularly for dense sand (Wan and Guo, 1998 ).
Stress Dilatancy with EDSR 2 to Triaxial and General Stress Conditions Preliminary
When adopting the EDSR 2 mechanism and the Matsuoka-Nakai failure criterion (Matsuoka and Nakai, 1982; Nakai and Matsuoka, 1983 ) based on the tij-concept, one can formulate the stress-dilatancy equation under general stress conditions.
In the Matsuoka-Nakai's model, macroscopic failure occurs on the Spatially Mobilized Plane (SMP). Given the principal stresses ( šs1, šs2, šs3) at failure, the directional cosines of the normal of the SMP at failure, (SMP)f, are (Nakai and Matsuoka, 1983) šai＝Ĩ3/( šsiĨ2) (i＝1, 2, 3)
withĨ1＝ šs1＋ šs2＋ šs3, I2＝ šs1 šs2＋ šs2 šs3＋ šs1 šs3 and I3＝ šs1 šs2 šs3. 
šs1 (15) with tij＝sikakj (i, j, k＝1, 2, 3). On the assumption that the stress and incremental plastic strain tensors are coaxial, the normal and shear strain increments on the (SMP)f are determined as
šs1 (17) de p SMP and dg p SMP can be transformed into the principal strain increments via (Matsuoka and Nakai 1974, 1982 )
Conventional Triaxial Tests Under conventional triaxial stress conditions, when applying s2＝s3 for triaxial compression (CTC) and s2＝s1 for triaxial extension (CTE), respectively, the stresses and strain increments on the (SMP)f are expressed as CTC: (23) respectively. Given the representative friction angle ff on the (SMP)f (i.e., in the macroscopic shear zone) in the course of deformation, one has šs1 šs3 ＝tan
It is observed that Rowe's original stress dilatancy formulation for conventional triaxial compression and extension tests are recovered from Eq. (23).
Stress-Dilatancy under General Stress Conditions
Without loss of generality, let us assume that the stresses at any state during shearing is projected onto the (SMP) f at failure by keeping the same Lode's angle˜u dened as sin 3˜u＝-3 3 2
where J 2 and J 3 are the second and the third invariants of the deviator stress tensor, respectively. Similar to the analysis for conventional triaxial tests, one obtains when substituting Eqs. (14) through (17) into Eq. (4) the following relation
which can be considered as the generalized stress-dilatancy equation for granular materials. However, Eq. (26) is inconvenient for implementation in a stress-strain model, since it includes the failure stress state associated with the current stress state at the same Lode's angle. As a result, it is necessary to attain an explicit expression for Eq. (26) . When using the p-q and dev p -de q p notations, the principal components of the stress and incremental plastic strain tensors are expressed as
The Matsuoka-Nakai criterion at the critical state can be alternately expressed as
with
in which fcv ctc is the critical friction angle in triaxial compression. As a result, one may rewrite the stresses and incremental strains on the (SMP)f in Eqs. (14) to (17) as
The stress-dilatancy relation given in Eq. (26) then becomes
When choosing˜u＝-p/6 and˜u＝p/6, which correspond to CTC and CTE respectively, Eq. (35) yields
CTE(˜u＝p/6): -dev
It can be shown that Eqs. (36) and (37) are identical to the two equations in Eq. (23) (Wood, 1993) . Another special case that is worth examining is that when˜u＝0 with s2＝(s1＋s3)/2. Equation (35) yields the stressdilatancy relation for this case in the following form
When deˆning sin fm＝(s1-s3)/(s1＋s3), the above equation collapses into
sin fm-sin fcv 1-sin fm sin fcv＋ 1 3 sin fcv(sin fm-sin fcv) which is slightly diŠerent from the expression for plane strain compression in Eq. (12) . In other words, a stress path corresponding to˜u＝0 is close but not identical to the plane strain condition. This conclusion is in agreement with experimental results reported by Tatsuoka et al. (1986) , who showed that the measured Lode's angle of Toyoura sand under plane strain conditions was in the range of˜u＝-109to -209with the average being approximately -159 .
Stress Dilatancy with EDSR 2 to Simple Shear Conditions Recall that Eq. (4) is obtained under the condition that there is no kinematic constraint on deformation of the soil element, consequently, it cannot be directly used to interpret the experimental data of conventional simple shear tests in which no horizontal deformation is allowed.
In the conventional interpretation of the simple shear test, it is generally assumed that the soil specimen deforms under plane strain conditions and one set of zero extension lines coincides with the horizontal direction (e.g., Jewell and Wroth, 1987 for direct shear). When adopting the coaxiality assumption, the state of stress and incremental strain can be represented by Mohr circles, as shown in Fig. 3 . The angle between the horizontal and the direction of principal incremental strain is a＝ p/4＋c/2 with c being the angle of dilation deˆned as sin c＝- (3) or (4) is applicable to the stress and incremental strain components given in Eq. (41), which yields
According to Rowe (1969) (42) is diŠerent with that derived from the sliding block theory in the form of fm＝fm＋c (e.g., Pradhan and Tatsuoka, 1989) , which can be alternatively expressed as
where f m is the interparticle friction angle.
EVALUATION OF MODEL PERFORMANCE
Comparison with Nakai's Dilatancy Formulation on the SMP Plane Matsuoka and Nakai (1974) proposed a relation between the shear-normal stress ratio tSMP/sSMP and the incremental linear-shear strain ratio de Fig. 5 . As an example, let us examine the experimental data of Toyoura sand. According to Nakai and Matsuoka (1983) , for medium dense Toyoura sand, ff ctc ＝269 , l＝1.1, m＝0.21. These experimental data are consistent with that shown in Fig. 4(b) .
Comparison with Guo-Stolle's Extended Rowe's Dilatancy Formulation
By introducing a second-rank tensor pij＝sikde p kj, Guo and Stolle (2004) recognized that the Rowe's hypothesis of minimum energy ratio (Rowe, 1962) could be alternately expressed as (1) Even though the experimental data are scattered, the dilatancy plots shift upwards with an decrease of Lode's angle˜u; (2) With an increase in the value of˜u, the slope of the dilatancy plot decreases, indicating that the variation of q/p relative to the rate of dilatancy decreases; (3) The predictions of the stress-dilatancy relation in Eq. (35) are generally in good agreement with experimental results. As discussed by Guo and Stolle (2004) , the decrease in the slope of stress-dilatancy plot with Lode's angle˜u re‰ects the eŠect of the intermediate principal stress s2 on dilatancy. In triaxial extension at˜u＝309 , the intermediate principal stress s2 is similar to the major principal stress s1. With an decrease of˜u, s2 decreases gradually until s 2 ＝s 3 at˜u＝-309in triaxial compression, resulting in a decrease in the overall conˆnement to volume change and hence large dilation. This deformation phenomenon also reveals that dilation becomes more important when a granular material is deformed along stress paths corresponding to larger˜u, which provides more kinematical constraint on material deformation. Figure 8 (a) compares the experimental stress-dilatancy data obtained by Cole (1967) from a series of simple shear tests on sand, with diŠerent models, including Taylor's model, the sliding block model and the new expression in Eq. (44) based on the EDSR 2 mechanism. As one may expect, Eq. (44) and Taylor's model, which have minor diŠerences when the rate of volume change (contraction or dilation) is signiˆcant, deviate from the sliding block model. Moreover, all three stress-dilatancy expressions match experimental data well at high shear stress ratio t/sn when dilation occurs. At the beginning of shearing when t/s n is small with volume contraction, the models consistently overestimate the mobilized shear stress ratio for a given rate of volume change den p /dg p . The deviation of model predictions from experimental data when -de n p /dg p º0 is likely owing to the non-coaxility between the principal directions of stresses and incremental strains during simple shear tests, which will be discussed in the following section. Figure 8(b) shows the variation of the peak friction angle with the maximum angle of dilation obtained in a series of direct shear tests using a modiˆed direct shear box (Lings and Dietz, 2004 ) under normal stresses ranging from 25 kPa to 251 kPa. It is noted once again that Eq. (44) has better agreement with the experimental data than Taylor's model.
CONSIDERATION OF NON-COAXILITY
Abundant experimental results show that plastic ‰ow in granular materials is non-coaxial, especially for loadings involving principal stress rotation. Consequently, the degree of non-coaxility and principal stress rotation has an important eŠect on the energy dissipation and stress-dilatancy response of granular soils (Gutierrez and Ishihara, 2000; Gutierrez and Vardoulakis, 2007) . On the other hand, it is generally believed that Rowe's dilatancy model cannot describe the eŠect of non-coaxility during deformation (Gudehus, 1977) . It can be demonstrated that the relation given in Eq. (3), however, re‰ects the in‰uence of non-coaxility on dilatancy of granular soils. Without loss of generality, the discussion in this section is limited to two-dimensional stress conditions.
Non-Coaxility in the Context of Double-Sliding Free-Rotation Model
Referring to the Mohr circles for stresses and strain increments in Fig. 9 for the case of non-coaxility, when as- Fig. 10 . Inclinations of axes of s1, de1 and ds1 in simple shear test of medium dense sand (sn＝131 kPa, e0＝0.64; reproduced after Roscoe, 1970) Fig. 11 . EŠect of non-coaxility on stress dilatancy
